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$0. INTRODUCTION 
LET R be a discrete valuation ring with fraction field K and algebraically closed residue field 
k. Given a regular curve Y proper over Spec R, one can write its closed fibre as a divisor 
X = Xri Ci (i = 1, . . . , n). We gather together the various numerical data associated with this 
divisor, into the iype of X (1.2). The possible types for fibres of genus 1 and 2 were listed by 
Kodaira [S], N&on [S], and Ogg [9]. We show (1.6) that modulo a mild equivalence relation 
there are finitely many possible types for each genus. 
Let G be the abelian group generated by x1, . . . , x,, with the n relations 
~ (Ci ’ Cj)Xj = 0. 
We use the finiteness to estimate the number of generators of G in terms of the Betti numbers 
of the graph of X. Recall [2] that a curve over Spec K has stable reduction if it is the general 
fibre of a regular curve V proper over Spec R, whose closed fibre is reduced and has only 
ordinary double points. The above estimate implies that a smooth curve over Spec K has 
stable reduction if it has a rational point, and if all points of order s on its Jacobian are 
rational, where s is a sufficiently large prime. We thus obtain an elementary proof of a 
theorem of Deligne and Mumford [2], that after a finite field extension a smooth curve over 
Spec K has a stable reduction. We are indebted to J.-F. Boutot for pointing out an error in 
the original proof of theorem 1.16. 
$1. FINITENESS OF THE NUMBER OF FIBRE TYPES 
Let R be a discrete valuation ring with algebraically closed residue field k, and let Vbe a 
regular 2-dimensional scheme, proper over Spec R. Suppose its closed fibre X is connected 
and of dimension 1. As subscheme of V, X is an effective Cartier divisor, which we may 
write in the form 
x = t f-i ci ) 
i=l 
the Ci being its irreducible reduced components, and Ti denoting the multiplicity of Ci . We 
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are going to make a numerical analysis of the fibre X. The facts we need are the following: 
(1.1) (a) X is connected, and Ti > 0 for all i. 
(b) (Ci . Cj) = (Cj . Ci) 2 0 if i # j, and (X . Ci) = 0 for all i. 
(C) p(Ci) = f((Ci)’ + (C, . K)) + 1 2 0 for al1 i. 
Here K denotes a relative canonical divisor, which plays a purely formal role. For the inter- 
section theory, see [6], [l3]. These conditions imply that 
(d) The symmetric matrix l/(C, * C,)ll is negative semi-definite, and the only divisors 
2 = C si Ci with (2)” = 0 are the rational multiples of X. 
Definirion 1.2. The type T of X consists of the integers 
n; (Ci . Cj); (Ci ’ K); Ti i,j=l,..., n, 
taken up to permutation of the indices. Of course, these data contain redundancies. We will 
also call any collection T of integers 
n; mij; ki; ri i,j= 1 9 ***,n, 
up to permutation of the indices, a type, provided that the conditions (1,l) (a), (b), (c) hold, 
where we introduce ” curves ” Ci purely formally, and set (Ci ’ K) = ki, (Ci . CJ = mij, 
etc. _ . 
Definition 1.3. The genlrs g of a type T is the genus of X = C ri Ci: 
g=l++(X.K)=l+$(XrikJ. 
(1.4) Let T be given. Because of(d), (Ci)’ 5 0, with equality if and only if n = 1. Thus 
(c) implies ki = (Ci . K) 2 -2. It follows we can divide the C = Ci into four classes: 
(0) (C)’ = 0, p(C) = $7 (n = 1) 
(i) (C I K) = - 1, (C)’ = - 1, p(C) = 0 (C an exceptional curve) 
(ii) (C . K) = 0, (C)” + -2, p(C) = 0 
(iii) (C . K) 2 1, (C)* < 0, p(C) < 9. 
By the graph $9 of T we mean the graph having one vertex for each curve Ci of Tand 
(Ci . Cj) edges joining the vertices of Ci and Cj (i # j). We also speak of the graph of a subset 
of (C,, . . .) C,) defined analogously. The graph of T is connected by (1 .l) (a). 
Consider a type T whose graph contains three indices, say i = I, 2, n, having the foilow- 
ing properties: 
rl = rz = r, 
k, = 0 
I 
1 ifi=1,2 
m,, = -2 if i = n (this is redundant) 
0 ifi+1,2,n. 
Thus the curve C, is in class (ii) of (1.4). It is easily checked that we obtain a new type T’ by 
omitting the index II, increasing ml2 = mzl by 1, and leaving the other data unchanged. 
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We call two types T,, T, similar if one can be obtained from the other by a sequence of 
operations of the above kind or its inverse. Thus two types are similar if they differ only in 
the lengths of “chains” 
(1.5) x 2 ~--__c--y 
on their graphs, where each vertex x, o, y corresponds to an index i with ri = r a given 
constant, and each vertex o to an index i with ki = 0 (i.e. Ci is in class (ii) of (1.4)). 
THEOREM 1.6. Let g 2 2 be an integer. There are finitely many similarity classes of 
types T, of genus g and without exceptional curves (1.4) (i). 
COROLLARY 1.7. The multiplicities r, are bounded by a function of g 2 2. 
Proof of (1.6). Let T be a type (1.2), and assume C,, . . . , C, are in class (iii) of (1.4) while 
C sClr . . . , C, are in class (ii). Since g > 1, (1.3) implies s 2 1. Thus (1.1) (d) implies that each 
connected component 0 of the graph of the curves {Cs+l, . , C,} has a negative definite 
intersection matrix. It follows that 0 is one of the Dynkin diagrams listed by DuVal [3], [7]: 
(1.8) -4, o-o- _ - .o 
By (1.3) Criki = 2g - 2, thus the number s, the integers ri for i < s, and the k, are 
bounded. By (1.1) (c), p(C,) 2 0, hence the mii = (Ci)* 5 0 are bounded below. Since 
(Ci + Cj)’ 5 0, the mij = (Ci . Cj) I - +(C,’ + Cj2) are bounded. Let r =xf= 1 ri Ci. We 
have shown that there are only finitely many possibilities for the data describing r; more- 
over (I-)* is bounded below. 
We write 0 also for the divisor 
0 = C r,C,. 
C,EQ 
Since X is connected, (0 . I-) > 0. Thus the inequality (0 . r) + (l?)’ I (X . I-) = 0 implies 
that the number of intersections of each 0 with r, and the number of the O’s, is bounded. 
Now we do not need to determine the multiplicities ri for i > s. For, by (1 .l) (d) the cycle X 
is determined by the matrix jjmii)) up to multiplication by a rational number, and thus it is 
fixed by assigning rl. It follows immediately that the only thing leading to an infinity of types 
is the existence of components 0 with diagrams A, or D, and with N large. What remains 
to show is that a type containing such a 0 in its graph is similar to one in which N is replaced 
by N- 1. 
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Since (0 . r) is bounded, a large N will result in a chain of curves 19 E 0 on the graph of 
X, having one of the following types: 
(19) n (I -t b N T (I+ I)h 
_--_ - ---- - o--_ 
I I 
la 2a a 
---Lr-+----- 
__:! 2: __2: 
I 
zfl< :: 
Here the vertical edges indicate an intersection with r. It is understood that the vertices 
having a vertical edge may also have other edges, but that the remaining vertices have only 
the edges which are indicated. The multiplicities ri are given above each vertex, I being the 
length of the chain, and a > 0, b 2 0 being certain integers. These multiplicities are easily 
computed using (1.1) (b). Now since (X. r) = 0, the multiplicity of a curve 0 meeting I- is 
bounded by -(Q2. Thus the possible length 1 is bounded unless we are in the first case and 
b = 0, or in the last one. In each of these cases. the chain may be shortened. This completes 
the proof. 
(1.10). Let T be a type of genus g. We denote by L the free abelian group on the generators 
{Ci}. The matrix llntijll gives a map from L to its dual group L* : if {xi} is the dual basis to 
{Ci}, then the map is given by 
Cl --t (Ci . ) = 7 qjxj. 
We call the cokernel of this map G = G(T): 
(1.11) L-+L*-+G+O. 
The group G has rank 1 as Z-module, by (1.1) (d). 
Definition 1.12. Let G be a finitely generated abelian group, c an integer. Then p,(G) is 
the smallest integer r for which there exists a subgroup H c G of index dividing c, and having 
r generators. 
We think of p,(G) as an approximate number of generators of G. In fact, p,(G) is 
just the minimal number of generators of G. 
The following is an obvious property: 
PROPOSITION 1.13. Let 0 -+ A’ + A -+ A” --) 0 be an exact sequence of abeiian groups. 
Then 
p,,(A) I p,(A’) + p,(A”)v 
and 
p,(A) 2 p,(A”). 
Slightly less trivial, though intuitively clear is: 
PROPOSITION 1.14. Let A be written as a direct sum A = H/d, Q * * * @ Z/d,, where 
di 2 0 and d, Id,_, . . . / d,. Let c be an integer. Then p,(A) is the smallest integer p such that 
the product d, + 1 . . . d, dicides c. 
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Proof. First of all, if c = 1 this follows by tensoring with H/p, where p is some prime 
dividing d,, and clearly p 2 p,(A) in general. Now denote by T(A) the torsion subgroup of 
A, and by F(A) = A/T(A) the free part of A. Let H c A be a subgroup of finite index with s 
generators. Then the exact sequences 
O-+T(H)-,H-+F(H)-+O 
rl n n 
0 + T(A) -+ A --+ F(A) -* 0 
show that we can find a larger subgroup T(H) @ F(A) having s generators, unless F(H) = 
F(A). This shows that 
P,(A) = p,(F(A)) + p,(T(A)), 
and reduces us for the proof to the case that A = T(A) is finite. Let A* = Hom(A, Q/Z), 
which is a group isomorphic to A. Then we have A* --t H* 4 0. Since Hz H*, we can lift 
generators of H* to A* to get a subgroup H’ c A+ having s generators and with index 
dividing [A : H], equality holding iff H’ z H*. Thus if [A : H] was minimal, H* must be a 
direct factor of A*, and so A z H @ G. Then it is clear that the smallest possible order for G 
is obtained by taking for H the sum Z/d, @ . . . Q Z/d, as in the statement of the proposition. 
NOTATION 1.15. The first Betti number of the graph 9 of a type T will be denoted by 
fl = p(T). If c, e are the numbers of certices and edges of the graph, then /? = 1 - o +- e. 
THEOREM 1.16. There exists an integer c = c(g), depending only on g, with the property: 
If T is a type of genus g, G = G(n and /I= /l(T), then 
p,(G) 5 1 + 8. 
Examples 1.17. The following graphs illustrate the assertion of the theorem. They 
occur in genus 2 and are listed as Nos. 40,40 and 2 in Ogg’s table [9]. The first two show that 
the actual number of generators of G is not a function of the equivalence class of the type, 
and the last shows that c is fairly large. 
x-x G=ZQh/2Qh!6 ,L3=2 
0 0 
o-i- y -1-o G = z~B(2/2)~ 
where (o)* = -2, (x)~ = -3, and ~y)z = -4. 
B=O 
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Proof of Theorem 1.16. Given a type T, let ‘?? be the complex obtained from 9 by span- 
ning 2 -cells into every polygon havin, _ 0 3 or 3 sides. Denote by p(T) the first betti number 
of g, so that fl< /?. We will show that the theorem remains true when /I is replaced by 8. 
The following lemma is left to the reader. 
LEMMA 1.18. Suppose T is a type of genusg with k, = - 1, i.e. the curr’e C, is exceptional 
(1.4) (i). Define T’ by mlj’ = mij + minmjn, ki’ = ki - mi,, ri’ = ri i, j = 1, . . . , n - 1 (i.e. by 
“contracting” C,). Then T’ is u type ofgenus g, G(T) z G(T’), and p(T) B j?(T’). 
We proceed by induction on g. By Lemma 1.18 we may assume T has no exceptional 
curves. Next note that it does not affect G(T) to replace the ri by r,/d, where d = gcd({ri}). 
Thus we may assume that this g.c.d. is 1. Then if g 2 0, one sees immediately (cf. [ 131) that 
we are in the case n = 1, and that g = 0. Thus G(7) = B in this case; hence the theorem holds 
if g I 0. If g = 1, Kodaira’s argument [5], [S] shows that there are only finitely many 
similarity classes of types havinggcd({r,}) = 1. Thus we may apply the conclusion of Theorem 
(1.6) for all g > 0: There are only a finite number of types having no chains (1.5) with four 
or more vertices o. Hence the theorem holds for these types. If the graph 9 of T has such 
a chain 
. . . -o-o-o-- . . 
c, c, c, CL 
then we “ cut ” it by setting: 
(o)Z = - 2 
ml1 ’ = mz2’ = - 1; Ml2 = ml,’ = 0 
mij’ = mij if i,j# 1, 2 
ki’ = ki - 1 = - 1 if i = 1, 2 
ki’ = k, if i # 1, 2 
ri‘ = ri for all i. 
The chain then looks like this: 
. . . --e e-o- . . . (e)’ = -1. 
G3 G, C, c, 
Suppose the resulting graph 9’ remains connected. Then it is the graph of a new type T’, 
of genus <g and with p(T’) = j(T) - 1. Let {xi} be the dual basis of the {Ci}. The modules 
of relations M, M’ for G = G(T) and G’ = G(T’) in L* are 
M = Span C mijxj(i # 1,2); x3 - 2x, + x2 ; x1 - 2x, + x4 
j 
and 




Clearly M’ E M + Span (xi - x,); hence for large enough c, 
p,(G) < p,(G/(x, - x2>> + 1 < p&G’) + 1 5 1 + (p - 1) + 1 = 1 + fl 
by induction. 
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Suppose 9’ is not connected. Then it is the union of two connected graphs 9,, Yz where, 
say, the vertex corresponding to Ci is in Yi (i = 1, 2). Clearly our data split up SO as to give 
tuo types T,, T2 whose graphs are gl, Q, respectively. Since ki’ < ki if i = 1, 2, the genus of 
ri is <g, and we have fl(7,) + fl(T2) = B(T). 
Let .\I’ be defined as above. Then L*/M’ = G’ = G, @ G,, where G, = G(TJ. NOW 
clearly the whole fibre X, of T, does not meet any curve of T2, hence it meets none of the Ci 
at all. Thus, relative to the graph Q’, we have 
r(Ci ' >= -js,rjCCj' > 
in L*, where J is the set of indices f I of the curves making up T,, and where r = rl. 
Since 2 $ J, it follows that r(C, ) = r(-xl -t x3) lies in Span {xi mij,Yj (i # 1, 2)jcM. 
On the other hand, (.Y~ - ;T~) 3 (-_~i + x3) (mod M). Hence ~(xr - 3~ 2) EM, which implies 
that ((.u,, .‘s3) + M) .M is a quotient of Z @ iZ,‘r. 
Nest, it is clear that G/(x,, x2) z G’/(x,, x2) =: G,:‘(s,) @ GJ(x?). Hence for c large 
enough, 
p,,,,,(G) I ~ccrr(Gi(~i, xz)) + P,((x~, ~2) + M/M) 
5 ~ccrr(G’/(+ ~1)) + f 
5 ~cr(G,iW) + ~cr(GJ(,~z)) + 1 
5 h(G,) - 1) + b,(G,) - 1) + 1 
I /xT~> + pp-,> + 1 = 1 + /!7 
where we have used induction and the following 
LEMMA 1.19. Let Tbea type, G = G(T), {xi} thedualbusis. Then p,,,(G,‘(x,))lp,(G)- 1. 
ProoJ There is a map G + 72 sending xi -+ ri for each i, as is seen easily using (1.1) (b). 
Therefore the multiplicity of x1 in the free part of G divides rl. This multiplicity is the index 
of the torsion subgroup of G in G/(x,). The lemma follows from (1.14). 
s2. EXISTENCE OF STABLE REDUCTION 
We assume now that the discrete valuation ring R is complete, keeping the other nota- 
tion and hypotheses of Section 1. Thus Y is regular, of dimension 2, proper over Spec R, 
X = Eri Ci is the closed fibre, etc.. . . We also assume that gcd({ri}) = 1. This is true if 
V/Spec R has a section, since then some ri will be 1. Let p = char k. 
PROPOSITION 2.1. Consider rhe map Pit Y + Pit X induced by the inclusion of X into Y. 
(Here Pit Z = H’(Z, S*).) This map is surjectice, and its kernel is uniquely divisible by all 
integers s prime to p. 
Proof. (This is well known.) Denote by X,V the N-th order infinitesimal neighborhood 
of X in K It follows easily from Grothendieck’s existence theorem for formal sheaves ((43, 
Ch. III,) that we have 
Pit V3 lim Pit X, . 
f 
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Consider the exact sequence 
(2.2) O+J-+@&-+0;,_,-0. 
The kernel J is coherent on X. Thus since X has dimension one, the map Pit X, + Pit X, _ , 
is surjective, and one sees immediately that it is enough to show its kernel uniquely divisible 
for each N. Consider the exact cohomology sequence obtained from (2.2): 
H’(X,_,, B*) + H’(X, J) + Pit X,” --) Pit X,V_, -+ 0. 
Here H’(X,_,, O*) is the group of units in some local Artin ring with algebraically closed 
residue field k, and thus is divisible by s. Moreover, H’(X, J) is a vector space over k, and 
thus is uniquely divisible by s. The assertion follows. 
Now denote by V, the generic fibre of V/Spec R. It is the open set Y - X of I’. 













where D, D’ are isomorphic abelian groups divisible by s prime to p. 
Here the bottom row is the sequence (1.11). Since I’ is regular, every Cartier divisor on Vx 
extends to V, and thus the map Y is surjective. Its kernel consists of the classes of divisors 
CaiCi with support in X, i.e. of the natural image of L. This defines and proves exactness of 
the middle row. The map cp sends a divisor class Z to the n-tuple of degrees (Z. Ci), i.e. 
in the notation of (l.lO), and $ is the induced map on cokernels. Define D’ = ker 40, 
D = ker $. By (1 .I) (d) ker /L is cyclic and is generated by X, since gcd((r,}) = 1. Moreover, 
ker 1. contains the element X, since the closed fibre is a principal divisor. It follows immedi- 
ately that the map D’ + D is an isomorphism as required. 
The non-trivial verifications remaining are the divisibility of D’ and the surjectivity of 
cp. Now q obviously factors through Pit X. It is known [IO, 1 l] that Pit X is represented by a 
group scheme whose connected component is the kernel of the map Pit X-t L*, and that 
this map is surjective. Since any connected group scheme over an algebraically closed field 
has a divisible point-set, the two assertions follow from Proposition 2.1. 
PROPOSITIQN 2.5. Let s be prime to p. There is an exact sequence 
0 + ,(Pic X) + ,(Pic VK) + SG -+ 0. 
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Here the subscript s denotes the subgroup of elements of order s. 
The proposition follows from an examination of the diagram (2.4) and Proposition 2.1. 
LEMMA 2.6, (Raynaud, Deligne, Mumford.) Let X be as abore, with gcd(fri]) = 1. Then 
(i) H”(X, 8) = k, and dim H’(X, 0) = g. 
(ii) If some ri is greater than 1 and no Ci is an exceptional curve, then g > p(X,,,) = 
dim H’(X,,,, S). 
Proof. Since g = 1 - x(0), the second assertion of (i) follows from the first. Now X is 
connected, hence H ‘(Xled, 8) = k. SupposeZ = Iai Ci is any cycle < Xsuch that H ‘(Z, 0) = 
k. WehaveO=(X~X-Z)=(X-Z)2+(Z~X-Z),andsincethegcdis1,(X-Z)Z<O 
by (1.1) (d). Therefore (Z. X - Z) > 0, and SO (Z. Ci) > 0 for some i with ri > ai. Set Z’ = 
Z + Ci .The exact sequence 
(2.7) O~G,(-Z)O~c,-,8,,~8,-*0 
shows that H’(Z’, 8) = H’(Z, 0) z k. We may thus start with X,.ed and continue in a finite 
number of steps, to conclude H’(X, 0) z k. This proves (i). 
To prove (ii), suppose X # Xred, and consider the last step as above, in which X = 
Z + Ci and (Z. Ci) > 0. The sequence (2.7) gives a cohomology sequence 
0 ~ H’(Ci, 0,(-Z) 0 ~7,,) ~ H’(X, 0) --* H’(Z, S) ~ 0. 
Since (Z.CJ > 0, the only case in which the term on the left is zero is that (Z.CJ = 1, and 
p(Ci) = 0. But (X*Ci) = (Z*CJ + (Ci)’ = 0, and SO this implies that (Ci)* = - I, i.e. that Ci 
is an exceptional curve, contrary to hypothesis. Therefore dim H’(X, 0) > dim N’(Z, 0) 2 
dim H’(X,,, , 0). 
Now consider the connected component of the scheme Pit X. Since H’(X, 0) is the 
tangent space to this scheme at the origin, and since X is of dimension I, whence Pit X is 
smooth [I 11, we have dim(Pic X) = g. The group scheme Pit X has a filtration whose 
successive quotients are additive groups, multiplicative groups, and abelian varieties. 
Let a,, mo, go denote the total dimensions of these three types, so that dim(Pic X) = 
go + m. + a,. 
LEMMA 2.8. j3 I m. + a,. 
Proof. Since the kernel of the map Pit X + Pit Xred is purely unipotent, the m, for X 
and X0 = Xred are equal while the u. for X0 is not greater than that for X. Since the graphs 
of X and X0 are the same, their /3 are equal. Hence we may repiace X by X0. 
Let E denote the cokernel of the homomorphism 8,, -+ n Oc, . Then E has support on 
the crossings of X0. It is easily seen that 
dim,(e) = 2 (Ci . Cj) = e, 
iCj 
where e is the number of edges of the graph. Next, consider the cohomology sequence 
obtained from 
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Since X,, is connected, we have Ff”(Xo, O,v,) = k, while H”(Xo, n B,-) = k;, where I’ is the 
number of vertices of the graph (= number of curves Ci). Thus the kernel of the map 
is of dimension /3 = 1 - t’ + e. This is the kernel of the map of tangent spaces of 
Pit X0 -+ fl Pit Ci, 
I 
which is a smooth map since t is surjective. Thus dim(ker t) = j?, and so it remains only to 
check that (ker t) has no quotient group which is an abelian variety. This is well known, 
and follows easily from an examination of the quotient sheaf (Hi O,-,*/‘OxO*), whose global 
sections map to ker p. (See for instance [2], [l I]). 
THEOREM 2.8. There is an integer N = N(g) depending only on g rcYrh the property: 
Let V be a proper regular two-dimensional scheme orer Spec R, where R is a discrete calua- 
tion ring with algebraically closed residue field k. Assume that the closedfibre X = Zri Ci is 
connected, of dimension one, has gcd( {ri}) = 1, and p(X) = g. Suppose that for some prime 
numbers > N, d@erentfrom p = char k, the group ,(Pic VK) has rank 2g (as a uector space ocer 
Z/s). Then Pit X has trivial unipotent radical, i.e. a, = 0. 
Proof. The hypotheses and conclusion are stable under base change from R to its 
completion 8. Thus we may assume R complete. It is easily seen that the rank of ,(Pic X) is 
2g, + m,, . The group G has rank one as Z-module, and so it follows from Theorem 1.16 and 
elementary reasoning that the rank of ,G is at most ,!3 ifs is large enough (cf. (1.14)). Thus we 
have 
2g I 2g, + m. + p 5 2g, + 2n2, + a, 
by (2.5). But g = dim Pit X = go + m, + a0 . Therefore 
as required 
9=g0+mo and a, = 0, 
PROPOSITION 2.9. (Deligne, Mumford.) Let the notation be as in (2.6). If Pit X has 
trivial unipotent radical and if X is free of exceptional curces, then X is reduced (ail ri = 1) and 
has only double points, i.e. VK has stable reduction. 
Proof: The kernel of the map Pit X + Pit X,.ed is purely unipotent. Hence (2.6) (ii) 
implies that X is reduced. It is well known that a reduced curve whose Picard scheme 
has trivial unipotent radical can only have singularities whose branches are smooth and 
with transversal intersections (cf. [ll]). Since X is embedded in a regular 2-dimensional 
scheme, a transversal crossing must be an ordinary double point. 
COROLLARY 2.10. Let C be a smooth proper curce of genus g ocer the field offractions K 
of a discrete valuation ring R with algebraically closed residue field k. There is a finite field 
extension K’ of K such that Clip has stable reduction otter the integral closure R’ of R in K’. 
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Proof. Let IV(g) be as in (2.8) and let 5 be a prime number > N(g) and # char k. There 
is a finite field extension over which C has a rational point and all points of orders of Pit C 
are rational. We can take this field as K’. By resolution of singularities for two-dimensional 
schemes, CKG embeds into a regular proper scheme V’ over Spec R’ = S’ ([I], El]). We may 
assume this scheme free of exceptional curves [7]. Then (2.8), (2.9) apply. 
Remark. One can also recover the existence of stable reduction for abelian varieties at 
this point. Recall that this means the following: Let AK be an abelian variety over the field K 
(notation as in (2.10)). There is a finite extension K’ of K such that the N&on model A’ of 
A,, over Spec R’ has stable reduction, i.e. such that the closed fibre of A’ has trivial unipotent 
radical. Suppose first that A, is the Jacobian of C,. Then we proceed as in (2.10). We can 
relate the closed fibre of V’ via the relative Picard scheme Pit V’/S’ (this is explained in [2], 
p. 89). Thus (2.10) implies that A,, has stable reduction in this case. In general, any AK is 
isogenous to a Jacobian JK, and we may choose K’ so that JK, has stable reduction. There are 
maps JR, + A,, -+ JKS whose composition is multiplication by some integer n, and these 
maps extend to the Neron models by universality: 
Let JO’, A,’ denote the closed fibres. Clearly the fact that the unipotent radical of JO’ is 
trivial implies that multiplication by n is quasi-finite on J’. A fortiori, u is quasi-finite 
hence ztO : JO’ ---) A, ’ is finite and surjective on connected components. Thus A,’ has no 
unipotent radical, as required. 
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